We explore theoretically the magnetoresistance of Weyl semimetals in transversal magnetic fields away from charge neutrality. The analysis within the self-consistent Born approximation is done for the two different models of disorder: (i) short-range impurties and (ii) charged (Coulomb) impurities. For these models of disorder, we calculate the conductivity away from charge neutrality point as well as the Hall conductivity, and analyze the transversal magnetoresistance (TMR) and Shubnikov-de Haas oscillations for both types of disorder. We further consider a model with Weyl nodes shifted in energy with respect to each other (as found in various materials) with the chemical potential corresponding to the total charge neutrality. In the experimentally most relevant case of Coulomb impurities, we find in this model a large TMR in a broad range of quantizing magnetic fields. More specifically, in the ultra-quantum limit, where only the zeroth Landau level is effective, the TMR is linear in magnetic field. In the regime of moderate (but still quantizing) magnetic fields, where the higher Landau levels are relevant, the rapidly growing TMR is supplemented by strong Shubnikov-de Haas oscillations, consistent with experimental observations.
I. INTRODUCTION
One of the central research directions in condensed matter physics addresses topological materials and structures. Recently, a novel type of topological materials has received much attention: Weyl and Dirac semimetals. The quasiparticle spectrum near the nodal point of a Dirac semimetal is described by a three-dimensional (3D) 4 × 4 Dirac Hamiltonian where excitations close the crossing point of valence and conduction bands disperse linearly. The materials Cd 3 As 2 [1] and Na 3 Bi [2] represent experimental realizations of Dirac semimetals. For either broken spatial inversion or time-reversal symmetry, the four-component solution of the Dirac equation splits into two independent two-component Weyl fermions of opposite chirality with the Weyl points in the spectrum located at distinct momenta. Recent experiments classify TaAs [3, 4] , NbAs [5] , TaP [6] , and NbP [7] as Weyl semimetals. Further promising candidates for Weyl semimetals include pyrochlore iridates [8] and topological insulator heterostructures [9] . In the rest of the paper, we will use the term "Weyl semimetal" in a broader sense, including also the degenerate case of Dirac semimetals.
Transport properties of Weyl semimetals are highly peculiar. For recent theoretical studies, see, e.g., Refs. [8, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] 30] and references therein. An important aspect of the transport properties is the appearance of a disordered critical point within the perturbative analysis. Below the disordered critical point (i.e., for sufficiently weak disorder), the density of states vanishes quadratically in energy around the Weyl point within the perturbation theory. Non-perturbative treatment yields an exponentially small density of states at the Weyl point. In the strong disorder regime, the density of states is finite at the Weyl point already without invoking exponentially small contributions.
The transport in Weyl semimetals reveals a particularly interesting and rich physics when an external magnetic field is applied. One reason for this is the unconventional Landau quantization of Dirac fermions. Further, a single species of Weyl fermions displays the chiral anomaly that gives rise to a possibility of controlling the valley polarization. A strong anomalous Hall effect [12, 13, 26] and the longitudinal magnetoresistivity [7, 16, 20, 21, 27, 28, [33] [34] [35] [36] in Weyl semimetals have been predicted to originate from the chiral anomaly. Furthermore, thermoelectrical effects [37] and induced superconductivity [38] have been studied recently, both theoretically and experimentally.
In this paper, we present a theory of the transversal magnetoresistivity in a Weyl semimetal away from charge neutrality point. (The term "transversal" here means that the magnetic field is perpendicular to the electric field: the relevant resistivity component is ρ xx , while the magnetic field is along the z axis.) The work is motivated by the spectacular experimental observation of a large, approximately linear transversal magnetoresistance (TMR) in Dirac and Weyl semimetals [7, [39] [40] [41] [42] . Theoretically, a linear TMR of a system with Dirac dispersion in the ultra-quantum limit (where only the zeroth Landau level is effective) was obtained by Abrikosov in a seminal paper, Ref. [43] . The crucial ingredient of this result is the dependence of the screening of Coulomb impurities on magnetic field. In a previous work, Ref. [31] , we have carried out a systematic analysis of the magnetoresistivity of a Weyl semimetal at the neutrality point and for different types of disorder. Our results for the case of Coulomb impurities and in strongest magnetic fields yield the linear TMR, in agreement with Ref. [43] . This is not sufficient, however, to explain experimental data since experiments are performed at non-zero electron density. A clear experimental evidence of finite density is provided by Shubnikov-de Haas oscillations (SdHO) super-imposed on the background of strong linear TMR in an intermediate range of magnetic fields. It is thus a challenge to understand whether the strong quantum linear TMR and the SdHO may emerge from the theory of disordered Weyl fermions. More generally, our goal is to develop the theory of quantum magnetotransport for systems with Dirac spectrum at non-zero density (chemical potential) of carriers.
Below, we calculate the TMR and the Hall conductivity for arbitrary magnetic field H and arbitrary particle density. Depending on their values, the dominant contribution to the TMR comes from the zeroth Landau level (LL), separated LLs, or overlapping LLs. This includes also regimes where the SdHO can be observed. Our analysis has a certain overlap with a recent preprint, Ref. [32] , where the Born approximation (without self-consistency) was used. We go beyond that work by employing the selfconsistent Born approximation (SCBA), analyzing the scaling of conductivities and of TMR in various regimes, and discussing two models of disorder-(i) short-range impurities and (ii) charged (Coulomb) impurities. Further, we study the TMR for two cases-fixed particle density and fixed chemical potential-and find that the results are essentially different.
In the experimentally most relevant case of Coulomb impurities and a fixed particle density, we find a large, linear TMR in the ultra-quantum limit, where only the zeroth Landau level is effective. We show, that even though the analytical result for the resistivity is modified in comparison to that of Ref. [43] due to a non-zero value of the Hall conductivity, the linear-in-H scaling of TMR remains valid. In the regime of moderate (but still quantizing) magnetic fields, where the higher Landau levels are relevant, the TMR curves contain Shubnikov-de Haas peaks whose amplitude grows as a power-law function (H 4/3 ) of magnetic field. At the same time, the "background" TMR (the envelope of the minima) in such magnetic fields is negligible within the SCBA. Thus, the model with a single type of Weyl nodes does not contain a regime where a strong TMR is supplemented by SdHO, in agreement with the numerical findings of Ref. [32] .
We further consider a model with Weyl nodes shifted in energy with respect to each other, with the chemical potential corresponding to the total charge neutrality, as illustrated in Fig. 1 . Such type of spectrum has been found in various materials both experimentally and by first-principle calculations, see, e.g., Refs. [7, 41] . In this situation, the total Hall conductivity is zero, whereas the shifted pairs of Weyl nodes are characterized by equal carrier (electrons and holes, respectively) densities. For Coulomb impurities, we find in this model a large TMR in a broad range of quantizing magnetic fields. In the ultra-quantum limit, where only the zeroth Landau level is effective, the TMR is again linear in magnetic field. At lower magnetic fields, in the regime of separated LLs, strong SdHO are superimposed on top of a rapidly growing background TMR, in contrast to the case of nonshifted Weyl nodes. Specifically, the envelope of the minima of TMR behaves as H 2/3 , while the maxima evolve as H 2 . The overall behavior of the TMR resembles that found in experiments: with increasing magnetic field the (almost linear) TMR shows SdHO and crosses over into a purely linear TMR with no SdHO. Such a behavior emerges when the conductivity σ xx in a strong magnetic field is larger (due to the compensation between the shifted nodes) than the total Hall conductivity σ xy . This can be realized for shifted Weyl nodes away from the charge neutrality point (where the Hall resistivity is finite), provided that the concentrations of positively and negatively charged impurities are close to each other.
The analysis in this paper is performed in the framework of the SCBA for non-interacting fermions. This discards other possible contributions to the TMR, including the classical memory effects (as discussed in the context of Weyl semimetals in a recent paper, Ref. [29] ) and interaction-related mechanisms. We will return to a discussion of such magnetoresistance mechanisms in the end of the paper.
The paper is organized as follows. Section II is devoted to an introduction to the model of impurity scattering. In Sec. III, we calculate the conductivity σ xx away from charge neutrality in a finite transverse magnetic field for the model of white-noise disorder. Section IV presents the analysis of the Hall conductivity for the clean case and for the white-noise disorder. In Sec. V, we use the obtained results to calculate and analyze the TMR. In Sec. VI, we extend our analysis to the case of charged impurities. Section VII discusses the TMR at the total charge compensation point for the pairs of Weyl nodes shifted in energy with respect to each other. We summarize our findings and discuss the experimental relations to experiments in Sec. VIII. Throughout the paper we set = c = k B = 1.
II. MODEL
In this section, we introduce the framework [31] for studying disordered Weyl fermions that will be used throughout the paper. We start from the Hamiltonian for a single Weyl fermion in the presence of a finite magnetic field directed along the z axis. The Hamiltonian in the Landau gauge for a clean system is given by
where p is the momentum operator, v is the velocity, σ denotes the Pauli matrices and A(r) = (0, Hx, 0) is the vector potential. Now we include disorder. The impurity scattering generates a self-energyΣ(p, ε) in the (impurity-averaged) Green's function, which readŝ
.
(2) The Green's function is a matrix in the pseudospin space (in which the Pauli matrices σ operate). We will assume that the disorder potential is diagonal in both spin and pseudospin indices and neglect scattering between different Weyl nodes. Clearly, in the absence of internode scattering, the structure in the node space will be trivial for all quantities; the density of states and the conductivities calculated below are those per Weyl node. Under these assumptions, the pointlike impurity potential has the formV
where 1 is the unit matrix in the pseudospin space. In view of the matrix structure of the impurity potentialV dis (r), the impurity correlatorŴ becomes a rankfour tensor. Within the self-consistent Born approximation (SCBA), the self-energy reads
For a diagonal impurity potential, the impurity correlator is diagonal as well, which is expressed as
where γ = n imp u 2 0 . We will later generalize the results obtained for white-noise disorder (5) to the case of Coulomb impurities. Similarly to the case of zero magnetic field, we introduce a parameter β defined as
where Λ is the ultraviolet energy cutoff for energy (band width). In the following, we will mainly focus on the case of not too strong disorder, β < 1.
The self-energy is diagonal in the energy-band space. However, in the presence of magnetic field, the self-energy is no longer proportional to the unit matrix. This asymmetry originates from the asymmetry of states in the zeroth LL. In the clean case, the states of the zeroth LL are only present in one energy band. Note that a strong impurity scattering eliminates this asymmetry. In what follows, it is convenient to switch to the LL representation such thatĜ =Ĝ(ε, p z , n) andΣ =Σ(ε, p z , n). The diagonal components of the matrix self-energy determined with the Green's function (2) read (below z = vp z ):
Here we introduced the energy scale A,
that combines the disorder coupling γ and the strength of magnetic field characterized by the distance Ω between the zeroth and first LLs. In general, the self-energy depends on energy and on the LL index,Σ =Σ(ε, p z , n). However, for the white-noise disorder, the dependences on n and p z drop out. For energies close to the Weyl point, |ε| < Ω, and for weak disorder, β 1, the asymmetry with respect to the zeroth LL should be taken into account. When the lowest LL is well separated from the others, ImΣ 1,2 < Ω, the contribution of the sum over n is dominated by the n = 0 term. In this case, we get
Thus, ImΣ 2 is negligible in the limit of weak disorder. For energies away from the Weyl point, ε > Ω, and weak disorder, β < 1, the asymmetry induced by the zeroth LL is negligible: ImΣ 1 = ImΣ 2 = −Γ, where the LL broadening is determined by the self-consistent equation
with
The solution of Eq. (11) gives a nonsymmetric peak of Γ(ε) around the nth LL located at ε = W n with , separated LLs (Ω < ε < ε * ), separated LLs with dominating background (ε * < ε < ε * * ), and overlapping LLs (ε * * < ε < Λ). where ε * ∼ Ω(Ω/A) 1/5 marks the energy below which the LLs are fully separated. A detailed analysis of the broadening of LLs reveals that the LLs are separated up to ε * * ∼ Ω(Ω/A) 1/3 , but for energies in the range ε * < ε < ε * * the background density of states is larger than the density of states for the particular LL as shown in Fig. 2 (for further details, see Ref. [31] ).
III. CONDUCTIVITY AWAY FROM CHARGE NEUTRALITY
Using the introduced model, we calculate now the conductivity σ xx of a disordered Weyl semimetal in the presence of magnetic field. We restrict ourselves to the case of weak disorder, β 1. With the use of Kubo formula, the real part of the conductivity reads
whereĵ x = evσ x is the bare current operator and j tr x = V trĵ x is the current vertex dressed by disorder, see Ref. [31] . We first calculate the conductivity without vertex corrections and include them at the final steps of the calculation.
After the evaluation of the trace and using the orthogonality of the wave functions of the different LLs, Eq. (13) transforms into
The Green functions here are written in the LL representation. We distinguish in the following calculations between the zeroth LL and higher LLs because the selfenergies for the zeroth LL differ from those of the others. In the following, we will focus on low temperatures, T → 0. For small chemical potential, µ < Ω, excitations to higher LLs are exponentially suppressed and the conductivity is dominated by the contribution of the zeroth LL. Note the conductivity in both region match via a narrow window at Ω µ corresponding to the width of the first LL [cf. the last two lines in Eq. (34)]. In the opposite regime, the conductivity is determined by the position of the chemical potential with respect to separated and overlapping LLs.
A. Small chemical potential, µ < Ω: Zeroth Landau level
We consider first the situation when the zeroth LL gives the dominant contribution to the conductivity. This case is realized under the following two conditions: (i) the zeroth LL is separated from the first one, which is fulfilled under the condition A Ω; (ii) the chemical potential satisfies µ < Ω, while the temperature is close to zero, T → 0. Under these conditions, the current vertex corrections are small, V tr (ε Ω) ∼ A/Ω 1, for energies close to the Weyl node. Therefore, we can disregard the difference between quantum and scattering time in the regime of the dominant zeroth LL contribution. The Green function, using ImΣ 1 A and ImΣ 1 0 and disregarding the real parts of self-energies (ReΣ ∼ βε ε, see Ref. [31] ), reads
Substituting Eqs. (15) and (16) in Eq. (14) and separating the n = 0 term in the sum over all LLs, we get
where n max is the number of LLs within the energy band Λ. After the integration over ε for T = 0, we find that the contribution of higher LLs is of the order e 2 A 2 /(Ωv) and therefore negligible compared to the n = 0 term that is of the order of e 2 A/v. For the dominant term coming from the zeroth LL we find
The result is proportional to the magnetic field and disorder strength and is equal to the result of µ = 0, see Ref. [31] . A finite but small chemical potential, µ < Ω, does not essentially affect σ xx : the corrections to Eq. (18) are small in the parameter Aµ 2 /Ω 3 .
B. Large chemical potential, µ > Ω
For large chemical potentials, µ > Ω, the situation is more subtle. For a given magnetic field, the spectrum is subdivided in three domains: (i) the low-energy part of the spectrum consists of separated LLs, (ii) in the intermediate region LLs are separated, but the background density of states is larger than the height of an individual LL, and, finally, (iii) at higher energies the LLs overlap. At low temperatures, the conductivity will strongly depend on the position of the chemical potential, with the unusual broadening of LLs leading to an unconventional shape of the SdHO.
In view of the structure of the spectrum discussed above, we need to distinguish for the calculation of the conductivity between the three different cases of the position of the chemical potential: (i) fully separated LLs, (ii) separated LLs, but large background, and (iii) fully overlapping LLs. In all three cases the difference between the self-energies can be neglected and the self-energy can be written in terms of LL broadening: ImΣ 1 = ImΣ 2 = −iΓ. The Green functions take then the form
Substituting these Green functions in the formula for the conductivity (14), we perform the summation over n and integration over p z . (This calculation is analogous to that in the case T Ω in Ref. [31] .) The result is given by
In all three cases of the structure of the spectrum near the chemical potential, the conductivity can be expressed by the semiclassical Drude formula, yielding
Here τ tr (ε) is the transport scattering time that takes into account the vertex corrections in j tr x and is related to the quantum time τ q = (2Γ) −1 via τ tr = (3/2)τ q . In the case of overlapping LLs or of large background density of states compared to the particular LL, ε ε * , the LL broadening is given by
Using the SCBA relation between the density of states and the scattering time
and the semiclassical expression for the cyclotron frequency in the linear spectrum
we find the conductivity in this region:
. (26) In the following, we use Eq. (26) to evaluate the conductivity in all three regimes. First, we consider the regime of fully separated LLs, when the relevant energies satisfy Ω ε Ω(Ω/A) 1/5 , assuming that the chemical potential is located within one of the LLs and the temperature is low (smaller than the LL width). The conductivity for a general LL broadening is given by
The broadening of the LLs at the LL center is given by Γ = (A/2) 2/3 ε 1/3 , which yields the conductivity in the center of LLs (in the following denoted by σ
The conductivity of the background density of states with a broadening of Γ ∼ γε 2 is denoted by σ bg xx and reads 
In the last line of Eq. (30) we have taken low-temperature limit (here the condition T µ is sufficient). Finally, for higher chemical potential, ε > Ω(Ω/A) 1/3 , which is the regime of overlapping LLs, we neglect Ω 8 in the denominator of Eq. (26) , which leads to
The result coincides with the conductivity σ xx,0 in the absence of magnetic field and does not depend on the chemical potential.
Magnetooscillations of the conductivity stem from the oscillations of the density of states ν(ε) and of the transport scattering time τ tr (ε), see Ref. [44] . For a Weyl semimetal, the density of states with magnetooscillations is given by
where
is the Dingle factor determined by the quantum scattering time τ q . Note that in the case of a conventional 3D material with parabolic dispersion (see Ref. [45] ), the frequency of the oscillations is a factor of 2 larger then in the case of Weyl semimetals. A similar behavior is encountered in the 2D case of graphene [46] in comparison to conventional 2D materials. The non-equidistant behavior of the LLs for relativistic dispersion relations is expressed via the energy dependent cyclotron frequency ω c . For ω c (ε)τ q (ε) 1, which corresponds exactly to the condition of overlapping LLs, the first harmonics, k = 1, is the least damped term and hence dominates the oscillations.
Using Eqs. (32) and (24), we find the oscillatory contribution to the conductivity (the SdHO) for the case of overlapping LLs:
where σ xx,0 is the smooth part of the conductivity calculated above [Eq. (31)]. As usual, the SdHO are exponentially damped in the regime of overlapping LLs, in contrast to the case of separated LLs. We conclude this section with a summary of the results for the conductivity,
in the different regimes with respect to magnetic field, chemical potential, and disorder strength.
IV. HALL CONDUCTIVITY
In this section, we calculate the Hall conductivity. According to the Kubo-Streda formula [47] , the Hall conductivity is given by
It is convenient to split up the Hall conductivity into a normal, σ I xy , and an anomalous, σ II xy , contributions. The normal contribution is determined by states near the Fermi level and can be simplified by using the orthogonality of the wave functions of different LLs. We find
The anomalous contribution reflects the thermodynamic properties of the system in the presence of magnetic field and can be expressed as
Here N is the electron density defined as follows:
Below, we will first calculate the Hall conductivity in the clean case, and then will incorporate disorder which is encoded in the density of states ν(ε).
A. Clean case
We now briefly discuss the Hall conductivity in the clean case. The Green functions in Landau representa-tion for the clean case read
We start with the calculation of the normal part of Hall conductivity and substitute the Green function from Eqs. (39) and (40) in Eq. (36) . After the evaluation of the integral over energy ε and of sum over energy bands λ, the normal contribution to the Hall conductivity reads
4πT dp z 2π
The evaluation of the integrals for T = 0 leads to
The normal contribution of the Hall conductivity shows singularities when the chemical potential is at the center of the one particular LL, µ = Ω √ n, see Fig. 3 (a). The anomalous contribution to the Hall conductivity is obtained from Eq. (37) and the density of states ν(ε) of a Weyl semimetal in clean case,
We evaluate the integral in Eq. (38) for T = 0 and take the derivative of N with respect to magnetic field H:
The first term of Eq. (44) also shows singularities when the chemical potential is at the center of the one particular LL opposite of those of the normal contribution from Eq. (42), see Fig. 3 (b) . Therefore, these singularities are exactly canceled in the total Hall conductivity. As demonstrated in Appendix A, this cancellation occurs in the clean case in the general case of arbitrary T . The evaluation of the sum over LLs with EulerMaclaurin formula leads to the leading order to For µ > Ω, Eq. (45) describes the smoothened part of the Hall conductivity. On top of this background contribution there is an oscillatory part induced by the Landau quantization. The Hall conductivity (normal and anomalous part and the total Hall conductivity) without disorder is visualized in Fig. 3 , where the oscillations induced by Landau quantization can be seen clearly in case of fixed chemical potential. Already based on this plot, one can expect that in the presence of disorder the total Hall conductivity is only weakly changed, since the disorder-induced broadening would only smoothen the oscillatory part of the curve.
Further, we can express the Hall conductivity for a fixed particle density N instead of a fixed chemical potential, as relevant to experiments. The magneto-oscillations in the chemical potential are then exactly canceled by the oscillations in the particle density:
see inset in Fig. 3 (c) . Here the zero level of the density N is chosen in such a way that N = 0 for the chemical potential located in the Dirac point, µ = 0.
B. Normal Hall conductivity in the presence of disorder
Now, we turn to the Hall conductivity in the presence of disorder and first proceed with the evaluation of the normal contribution. As explained in Sec.II, we distinguish again between the cases when the chemical potential is within the zeroth LL or higher LLs. We focus on low temperatures, T → 0, throughout the whole section.
We will start with the calculation of the Hall conductivity under the following conditions: (i) the zeroth LL is separated from higher LLs, A Ω; (ii) excitations to higher LLs are suppressed, µ < Ω. Using the Green functions for energies close to the zeroth LL, Eqs. (15) and (16), the formula for normal contribution to the Hall conductivity, Eq. (36) transforms to
where z = vp z .
In the following, we will split the summation over the LL index into the term with n = 0 and the terms with n > 0. In contrast to the conductivity σ xx , the contribution of the terms with n > 0 in σ I xy is of the same order as the n = 0 term. The evaluation of the terms under the conditions A Ω and µ < Ω gives to the leading order
Clearly, this result (linear in disorder) matches the result for a clean system, where the normal contribution for the case of the chemical potential located in the zeroth Landau level is absent. We will see below that the term (48) is negligible in comparison with the anomalous contribution to the Hall conductivity. Now, we turn to higher chemical potential µ > Ω and analyze the contribution of higher LLs to σ I xy . For ε Ω, the difference between the self-energies for the two bands can be neglected and we can use the Green functions (19) and (20) in Eq. (36) . The detailed calculation is presented in Appendix B. The normal contribution to the Hall conductivity reads
The limit of vanishing disorder, Γ → 0, is reproduced in Eq. (B3). Similarly to σ xx , the normal contribution to the Hall conductivity can be cast in the form of a semiclassical Drude formula:
In the regime where the contribution of the separated LLs to the density of states exceeds the contribution of the background, Ω µ Ω(Ω/A) 1/5 , the second term in Eq. (49) dominates. In the limit T → 0, we get
Next, we evaluate the Hall conductivity for a larger chemical potential, when the LLs are separated but the contribution of the background dominates, or else, the LLs fully overlap. In these cases, the expressions for the density of states, transport scattering time, and cyclotron frequency are given by Eqs. (23), (24) , and (25), respectively. In the range Ω(Ω/A) 1/5 µ Ω(Ω/A) 1/3 , which corresponds to the case of separated LLs with the dominant background density of states, we find
For fully overlapping LLs, µ Ω(Ω/A) 1/3 , the normal contribution to the Hall conductivity reads
C. Anomalous Hall conductivity in the presence of disorder
In this Section, we calculate the anomalous contribution to the Hall conductivity in the presence of disorder. Furthermore, we subtract the contribution of states below the charge neutrality point since they do not contribute to the Hall conductivity. This is shown explicitly in Appendix A for the clean case and holds for finite disorder in the weak disorder regime, γΛ < 1, considered here. The density of states of a disordered Weyl semimetal is given by
In the calculation of the self-energy, we distinguish between the zero LL and the others. For the energy at the zeroth LL the self-energy is given by
which will be used in the regime µ < Ω. The anomalous Hall conductivity in this regime does not depend on weak disorder, γΛ 1:
This result matches the ac anomalous Hall conductivity σ xy (ω) obtained in Ref. [48] in the limit ω → 0. For µ > Ω the situation is more subtle. The self-energy depends on the strength of broadening and, for separated LLs, µ < Ω(Ω/A) 1/3 , on the actual position of the chemical potential with respect to the center of a given LL. The shape of the density of states consists of the peak at the center of the LL, the tail of the LL, and the background, see Ref. [31] . For separated LLs with large background and for overlapping LLs, the density of states is dominated by the background contribution. The anomalous Hall conductivity for µ > Ω reads
where Γ(ε) is given by Eq. (11) . Under the same approximations as in the calculation of σ I xy , we obtain the anomalous Hall conductivity in the disordered case, reading where Γ n is defined in Eq. (11) . For Γ → 0 in Eq. (11), the result (44) obtained in the limit of vanishing disorder is reproduced. Moreover, for non-overlapping LLs, the broadening of LLs in Eq. (58) is only important in the term the sum over LLs that corresponds to the LL where the chemical potential is located; for all other n one can replace Aµ/Γ n (µ) with µ 2 − Ω 2 n, as in Eq. (44 
is thus the same as in the limit without disorder. The effects of the oscillations are minor compared to smoothened part of the Hall conductivity. Therefore, we will use Eq. (59) in the following sections to calculate the magnetoresistance. The oscillatory part of the Hall conductivity for fully separated LLs shown in Fig. 4 visualizes the effect of disorder in the Hall conductivity. For overlapping LLs, the main term in the broadening is given by Γ = 2Aε 2 /Ω 2 which is independent of magnetic field and therefore the anomalous Hall conductivity is zero to the leading order. The corrections due to magnetic field in the case of overlapping LLs are proportional to the Dingle factor, as described above. The particle density for zero temperature reads
Since the Dingle factor is exponentially small for overlapping LLs, the anomalous part of the Hall conductivity decays exponentially. The same applies for the TMR. The contributions of overlapping LLs to the TMR will therefore be dominated by effects of finite temperature and will not be discussed here.
V. MAGNETORESISTANCE FOR POINTLIKE IMPURITIES
We now turn to the evaluation of the TMR,
which quantifies the difference between the resistivity ρ xx (H) in a finite magnetic field and the resistivity at H = 0. Using
we express the TMR through the conductivities at zero and finite magnetic fields, σ xx (0) and σ xx (H), as well as the Hall conductivity σ xy (H),
and employ the results from the previous sections.
The results for the TMR are either dominated by a large conductivity, σ xx σ xy , leading to
or dominated by a large Hall conductivity, σ xy σ xx , resulting in
In what follows, we will distinguish between fixed chemical potential and fixed particle density. Let us start with fixed chemical potential µ.
We fix the values of µ and γ and increase the magnetic field. A detailed evaluation of the TMR in different regimes is presented in Appendix C and summarized as follows:
For µ > Ω µ 5/4 γ 1/4 v −3/4 , the function Γ(µ) is given by Eq. (11), leading to the oscillations in the TMR from zero to a maximum value proportional to H 4/3 . This behavior is visualized in Fig. 5 . For lower magnetic fields, Ω µ 5/4 γ 1/4 v −3/4 , the TMR is given within the SCBA by an exponentially small correction, as discussed in Appendix C. It is important to emphasize that the TMR is only large for the zeroth LL (for magnetic fields Ω > µ). For lower magnetic fields, a small background magnetoresistance is only present due to the different shape of the oscillations in the conductivity and the Hall conductivity and is zero for a smoothened curve. In the regime of the zeroth LL, the magnetoresistance first grows linearly with H as long as the Hall conductivity is larger than σ xx , and then decays (being proportional to H −1 ) in the limit of strongest H, where σ xx σ xy . A schematic plot of the TMR is presented in Fig. 6 .
The effect of finite temperature for separated LLs is discussed in the end of Appendix C. There, we assume that temperature is still smaller than chemical potential, T < µ, but larger than the distance between LLs, T > Ω/ √ n such that LLs are smeared by temperature. The magnetoresistance is small and linear in magnetic field for µ 1/2 γ
We continue now with an experimentally more relevant situation of a fixed particle density N . The details of the calculations are discussed in Appendix C; here we present the summary of results:
We observe that the behavior of the TMR at the fixed particle density only changes in the zeroth LL. For higher LLs, the particle density does not depend on magnetic field. The schematic behavior of the magnetoresistance is visualized in Fig. 7 We conclude this section with a short discussion of the Hall resistivity ρ xy for fixed particle density, reading
For overlapping LLs, the anomalous Hall conductivity is exponentially small, see Eq. (60). In this regime, conductivity, Eq. (31), and the normal Hall conductivity, Eq. (53) combine to
For separated LLs the Hall conductivity, Eq. (46), is larger than σ xx in magnetic fields up to Ω ∼ N 1/4 γ −1/4 , again leading to Eq. (69). For higher fields Ω > N 1/4 γ −1/4 , the conductivity of the lowest LL, Eq. (18), has a large contribution resulting in
Therefore, the Hall resistivity shows a linear behavior up to the highest fields where it increases as a third power of magnetic field.
VI. CHARGED IMPURITIES A. Screening
In the previous parts of the paper we considered shortrange impurities. In this Section, we are going to generalize the obtained results for the case of screened Coulomb impurities that is expected to be particularly relevant experimentally. The potential of a single Coulomb impurity is given by
where ∞ is the background dielectric constant and κ is the inverse screening radius that is determined by the thermodynamic density of states ∂n/∂µ and reads, in the absence of disorder,
In view of the singularity of Eq. (72) in the limit µ, T, H → 0, the effect of disorder becomes important, requiring a self-consistent treatment of disorder in the density of states. The method is discussed in Ref. [31] , but, for the sake of clarity, we repeat the arguments below.
The analysis below is based on the assumption, that the "fine-structure" constant is not small,
In realistic situations with a fine-structure constant of the order of unity, the characteristic values of κ are of the order of k typical ∼ max(Ω, T )/v, typical values of the wave vector k. With condition (73), the parametric dependence of the conductivity for the screened Coulomb disorder is governed by an effectively pointlike correlator
From now on, we suppress the numerical prefactors. The correlator (74) describes an effective white-noise disorder with the strength γ(H, T, µ) that depends on magnetic field, temperature, and chemical potential,
Here N imp is the density of impurities. In the limit H, T, µ → 0, Eq.(75) leads to a divergent disorder strength. Therefore, a self-consistent treatment of the impurity screening becomes necessary. At
the impurity-induced density of state will determine the screening
For Coulomb impurities, the weak disorder regime is valid under the condition max(Ω, T, µ) ε imp . Under these conditions, the results of the previous sections are applicable to the Coulomb case with the replacement of γ with γ(H, T, µ). The dependence of the strength of screened disorder on magnetic filed plays a crucial role in the H dependence of TMR for charged impurities.
B. Magnetoresistance
In order to find the TMR, we substitute γ(H, µ) ∼ ε
for γ in the conductivity and Hall conductivity. As we do not keep numerical prefactors, the vertex corrections can be disregarded (since they only modify these prefactors). The particular substitution in each regime is done in Appendix D; here we only state the results.
For charged impurities, we need to distinguish between µ > ε imp and µ < ε imp . We start with the case of µ < ε imp , where only overlapping LLs and the zeroth LLs are important. We fix µ and ε imp while increasing the magnetic field. The TMR reads
The TMR for lower magnetic fields is exponentially small for the same reason as for pointlike impurities. We find a linear TMR for the zeroth LL and Coulomb impurities in fields up to ε 3/2 imp µ 1/2 . In the highest magnetic fields, the TMR at fixed chemical potential vanishes as H −1 . We will see below that the behavior of the TMR in the ultraquantum limit is different for the case of a fixed density, where the TMR keeps growing linearly.
In the opposite regime, µ > ε imp , we have both regimes of separated LLs and separated LLs with the dominating background density of states. The TMR reads where Γ C (µ, Ω) defines the oscillations of the conductivity and is defined in Eq. (D3). As for pointlike impurities, the TMR is vanishing small for lower magnetic fields. Furthermore, the magnetic field dependence of the TMR changes only for the lowest LL, Ω > µ compared to pointlike impurities. For the lowest LL, the screening is magnetic-field dependent, while for higher LLs, the screening is dominated by chemical potential. Therefore, Fig. 5 can be redrawn just by changing the dependence on chemical potential and disorder strength ε imp . A schematic plot of the TMR is presented in Fig. 8 .
If we fix the particle density as relevant for experiments, the magnetic-field dependence of the resistivity of the zeroth LL changes because of magnetic-field dependence of the particle density. The TMR for N 1/3 < ε imp reads The TMR in the limit of highest magnetic fields is linear in H, which agrees with the results of Refs. [31, 43] . For N 1/3 > ε imp , the TMR is given by
The resulting linear TMR in highest magnetic fields is in agreement with Eq. (80) and with Refs. [31, 32, 43] . The only difference is the replacement of the disorder scale ε imp in the slope of the TMR with N 1/3 . The TMR in the lower fields remains vanishing with small oscillations, see Fig. 9 . The resulting "phase diagrams" for TMR in the cases of fixed chemical potential and fixed density are presented in Figs. 10a and 10b , respectively.
For finite temperature under the conditions T < µ and T > Ω/ √ n, the magnetoresistance calculated in Appendix C applies here. For fixed particle density, the magnetoresistance given by Eq. 
Finally, we address the Hall resistivity, Eq. (68), for fixed particle density. Similarly to the case of pointlike impurities, the conductivity and Hall conductivity away from the quantum limit combine into
In the quantum limit, Ω > N 1/3 , conductivity, Eq. (D2), and Hall conductivity, Eq. (46), scale identically with magnetic field. Therefore, the Hall resistivity is
for ε imp > N 1/3 and
for ε imp < N 1/3 . In the physically most relevant situation where a finite particle density is induced by donors (charged impurities), ε imp ∼ N 1/3 , the Hall resistivity is of the same order as the TMR.
To conclude this section, we outline its main findings:
(i) For Coulomb impurities, the TMR is linear in the ultra-quantum limit;
(ii) In the experimentally relevant case, ε imp ∼ N 1/3 , the Hall resistivity is of the same order as the TMR; (iii) Strong SdHO are observed in moderate magnetic fields, where the background TMR is negligible.
All these findings are in agreement with the numerical results of Ref. [32] . The results (i) and (ii) conform with the experimental observations [7] of a strong linear TMR comparable to the Hall resistivity. However, the above model treated within the SCBA does not explain the emergence of the SdHO on top of rapidly growing background TMR as observed in experiments, contrary to (iii). In the next section, we propose a model that can explain such a behavior.
VII. MAGNETORESISTANCE FOR SHIFTED WEYL NODES
We discuss now a model with Weyl nodes shifted in energy, see Fig. 1 . In various experiments [7, 41] , the different pairs of Weyl nodes are shifted in energy with respect to each other such that some pairs of nodes are characterized by a positive chemical potential, whereas other nodes by a negative chemical potential counted from the corresponding nodal points.
The conductivity σ xx is an even function of magnetic field and does not depend on the sign of the chemical potential in a particle-hole symmetric spectrum, so that the contributions of different nodes to σ xx just add up. Even exactly at charge neutrality, the conductivity of each pair of nodes is determined by a finite density of quasiparticles (electrons or holes, N + and N − , respectively), similarly to the consideration of a single node above. It is important to notice that away from charge neutrality the SdHO show a superposition of oscillations from the pairs of nodes characterized by the different chemical potentials. At the same time, the Hall conductivity is an odd function of chemical potential and hence vanishes at charge neutrality. Therefore, the distance to the complete charge compensation point, which is in realistic cases typically smaller than the chemical potential of each pair of nodes (see discussion in Ref. [7] ), is of crucial importance for the Hall response.
We will first discuss the case, when the chemical potentials of the different nodes correspond to the charge compensation point characterized by a vanishing Hall conductivity, σ xy = 0. The magnetoresistance is then fully determined by the conductivity σ xx ,
As we have assumed that the carriers in one pair of Weyl node has the chemical potential ∆ while in the other pair the chemical potential is −∆, as depicted in Fig. 1 , the total TMR is multiplied by the number of Weyl nodes.
A. Pointlike impurities
To obtain the TMR for the case of zero Hall conductivity, we use Eq. (34) for the conductivity in the different regimes. We fix now the values of ∆ and γ and analyze the evolution of the TMR with increasing magnetic field: 
B. Charged impurities
The condition of overall charge neutrality of the sample at zero charge of carriers (N + = N − ) can be maintained for a finite concentration of Coulomb impurities when the concentration of positively and negatively charged impurities are equal. The conductivity for Coulomb impurities is analyzed in Appendix D and is given by Eqs. (D9) and (D10). For fixed values of ∆ and ε imp , we first calculate the TMR for ∆ < ε imp :
For ∆ > ε imp , the evolution of the TMR with increasing magnetic field is described by In both limits we find a large, linear TMR in the quantum limit where only the lowest LL contributes to transport. We observe that the linear TMR in highest magnetic fields is very robust and does not depend on whether the Weyl nodes are shifted in energy or not (cf. Sec. VI).
For lower magnetic field, the result is similar to the case of pointlike impurities. The minima of the TMR evolve as H 2/3 and the maxima as H 2 in magnetic field. The result of numerical evaluation of TMR is depicted in Fig. 12 showing both the magnetooscillations and the TMR in the ultra-quantum limit. The overall picture of the TMR agrees with the behavior found in experiments. Specifically, with increasing magnetic field, the TMR shows strong SdHO on top of the rapidly growing background and crosses over into a purely linear TMR without magnetooscillations in the limit of highest magnetic field.
Away from the exact compensation point, where the Hall resistivity is finite, the above picture for the TMR with SdHO on top of strong TMR remains intact as long as σ xx σ xy . Denoting by δµ
∆ the distance from the neutrality point, we get
The condition σ xx σ xy translates with the background conductivity given by Eq. (D6) at ∆ > Ω into
This can be fulfilled in a broad range of magnetic fields when the concentrations of positively and negatively charged impurities are close.
VIII. SUMMARY AND DISCUSSION
To summarize, we have generalized the theory of the transverse magnetoresistivity of Weyl semimetals developed in Ref. [31] to the case of a finite chemical potential (finite carrier density). We have considered two models of disorder: (i) short-range impurities and (ii) charged (Coulomb) impurities. Away from charge neutrality, the analysis includes the calculation of the Hall conductivity and the Shubnikov-de Haas oscillations. We have further extended the consideration to a realistic model with Weyl nodes shifted in energy (as found in various Dirac and Weyl materials) with the chemical potential corresponding to the total charge neutrality. We have identified a rich variety of regimes of the resistivity scaling in the plane spanned by the magnetic field and the chemical potential (or carrier density) that emerge because of the unusual broadening of Landau levels and are governed by a competition between the conductivity σ xx and Hall conductivity σ xy . We have also found that the TMR in strongest magnetic fields depends on whether the particle density or the chemical potential is fixed.
For pointlike impurities, the TMR is negligible in moderate magnetic fields (even for separated Landau levels), showing peaks at the centers of Landau levels. A pronounced magnetoresistance is only observed for the zeroth Landau level, where the TMR decays as 1/H in the ultra-quantum limit for both fixed chemical potential and fixed particle density, see Figs. 5 and 6.
In the model of Coulomb impurities (which is expected to be more relevant experimentally), while the behavior of the TMR in moderate magnetic fields is similar, the crucial difference appears in strongest magnetic fields, where a linear-in-H TMR emerges, see Figs. 8-10. For a fixed chemical potential, the TMR is linear only in a finite range of H in a close vicinity of the charge neutrality point and decreases with magnetic field as 1/H otherwise. For a fixed particle density (which should be the case in experiments), we obtain in the ultra-quantum limit a nonsaturating linear TMR of the type first discovered in Ref. [43] . While the prefactor of the linear TMR away form the neutrality point is different from that at charge neutrality, Ref. [31] , the scaling with magnetic field is the same. Moreover, the conductivity and Hall conductivity are of the same order in the experimentally relevant situation [7, 42] of particle density being roughly equal to the concentration of impurities, N ∼ ε in each pair of nodes corresponds to a finite density of quasiparticles. Within this model, the range of moderate magnetic fields, where Shubnikov-de Haas oscillations become strong, overlaps with the range of fields where the background TMR grows rapidly. The minima of the oscillations evolve with magnetic field as H 2/3 while the maxima increase quadratically with magnetic field. This holds for both models of disorder (pointlike and Coulomb impurities). Thus for shifted pairs of Weyl nodes, an intermediate regime of magnetic fields emerges where the Shubnikov -de Haas oscillations are superimposed on the strong background magnetoresistance originating from separated Landau levels. (This is impossible in the case of ultra-quantum linear TMR of Refs. [31, 43] which is entirely governed by the lowest LL.) The difference between the two models of disorder manifests itself in the ultra-quantum limit where only the zeroth LL contributes to transport. There, we find a decay of the magnetoresistance proportional to 1/H for pointlike impurities and a large, linear magnetoresistance for charged impurities, consistent with those found in Refs. [31, 43] . The results for TMR in the two different models of disorder are visualized in Figs. 11 and 12. We emphasize that this work focused on the two idealized cases: (i) no charge compensation between different pairs of Weyl nodes, (ii) complete charge compensation between the different pairs of nodes. The intermediate case of a partial compensations as present in experiments [7, 41] would show a variety of effects governed by the competition between σ xx and σ xy as well as a superposition of Shubnikov-de Haas oscillations coming from different nodes.
It should be noted that the calculations in this paper have been mainly performed at zero temperature. As usual, finite temperature smears Shubnikov-de Haas oscillations. Our results are well applicable for temperatures smaller than the distance between neighboring Landau levels -in the regime where pronounced Shubnikovde Haas oscillations are observed. There the finite temperature only leads to a small correction while keeping the background TMR essentially unchanged. We also briefly discussed the effect of thermal smearing at higher temperatures where the thermal averaging exponentially suppresses the magnetooscillations, and leads to a finite background TMR even in the model of non-shifted Weyl nodes, similarly to the case of charge neutrality [31] . The TMR is small and linear in the regime of thermal averaging [cf. Eqs. (66) and (82)]. For Coulomb impurities, this thermally smeared quantum TMR, Eq. (82) scales in the same way as the ultra-quantum TMR, second line of Eq. (81). A natural extension of this work would be a detailed discussion of finite temperature away from charge neutrality in the whole parameter space.
Our results are in a qualitative agreement with the main experimental findings on TMR, Ref. [7, [39] [40] [41] [42] , where a strong, linear TMR was observed at finite carrier density in the ultra-quantum limit, which was comparable in magnitude to the Hall resistivity. The qualitative behavior of the TMR for shifted Weyl nodes (Fig. 12) is similar to that observed in experiments where pronounced Shubnikov -de Haas oscillations were superimposed on top of a rapidly growing background TMR. The order of magnitude of the TMR in Fig. 12 is also comparable to the experimentally observed magnitude of the effect.
Before concluding the paper, we briefly discuss alternative mechanisms of strong TMR that can emerge beyond the SCBA in the range of magnetic field where magnetooscillations are strong. The first mechanism is based on classical memory effects (for reviews of memory effects in conventional 2D and 3D systems see Refs. [44] and [49] , respectively). In conventional 3D systems a pronounced memory effect in a smooth disorder potential is based on the trapping of cyclotron orbits in z direction [50] . For the case of Weyl semimetals such a mechanism was recently addressed in Ref. [29] . This mechanism requires a large correlation radius of disorder ξ, which may be the case in two dimensions (large spacer) but seems unlikely in three dimensions, unless the "fine structure constant", Eq. (73) (assumed to be 1 in the present work) is very small. Even within the assumption of ξ being much larger than the cyclotron radius, Ref. [29] obtained the TMR up to 1-2 orders of magnitude, while it is of about 5 orders in the experiment Ref. [7] . Furthermore, in the ultra-quantum limit, this type of memory effects is expected to be strongly suppressed in Weyl systems, compared to conventional ones [49] . This is due to the chirality of 1D modes in z direction: the backscattering in z direction requires internodal scattering which is ineffective in Weyl materials (and also in Dirac semimetals in the strongest magnetic field which shifts the Dirac points in momentum space). An interesting prospect is to analyze quantitatively the role of this memory-effect mechanism of TMR in the case of screened Coulomb impurities in Weyl semimetals and compare it to the quantum TMR discussed in this paper. Other mechanisms for a strong TMR can be provided by interaction effects (for this mechanism in 2D systems, see Ref. [51] and references therein), including possible Luttinger liquid effects of interaction within 1D channels in z direction in the ultra-quantum limit, and by electron-hole recombination in compensated systems of a finite geometry (see Ref. [52] ). These mechanisms may be important in those regimes where the present model yields zero background TMR at moderate magnetic fields (higher Landau levels) and remain to be explored in realistic systems, in particular, in Weyl semimetals with shifted nodes. We do not expect, however, that these additional mechanisms of TMR would change the overall picture of TMR developed in the present work and could compete with quantum TMR in strongest magnetic fields.
We can split the sum over n in three parts: n < n 0 , n 0 , n 0 + 1 and n > n 0 + 1, where n 0 is the resonant energy. For the part of n < n 0 , we can neglect Γ and for n > n 0 + 1 we can expand in Γ. After some algebra, the Hall conductivity reads 
Here Γ (n0) and Γ (n0+1) are defined via the self-consistent equation Γ = n Γ n . By evaluating the second sum, we see that term of the upper limit n max − 1 cancels with the last term of Eq.(B4). Furthermore, the contribution of the lower limit n 0 + 2 of this sum and the term from the n = 0 are parametrically small and can be neglected. The normal contribution to the Hall conductivity then reads
This expression is further evaluated in the main text, where we consider the different regimes of LL broadening.
Appendix C: Calculation of the magnetoresistance for pointlike impurities
In this appendix we evaluate the TMR for pointlike impurities. For the lowest magnetic fields, Ω 2 < µ 3 γ, all LLs overlap. The conductivity and the normal Hall conductivity are given by the Drude formula in this regime, Eqs. (31) and (53), leading to a vanishing TMR. In this regime, the anomalous Hall conductivity is exponentially small, see Eq. (60). Therefore, effects of a finite temperature (not discussed here) will dominate the TMR. For magnetic fields in the range µ 3 γ < Ω 2 < µ 5/2 γ 1/2 , the LLs are separated, but the background density of states is still larger than the peaks of the LLs. In this region, the conductivity, Eq. (30) , is smaller than the Hall conductivity, Eq. (59). The magnetoresistance calculated with Eq. (64) remains zero.
A further increase of magnetic field, µ 5/2 γ 1/2 < Ω 2 < µ 2 , leads to pronounced LLs. The TMR is still determined by Eq. (64) (conductivity is small compared to the Hall conductivity), but it now strongly oscillates with magnetic field because of the oscillations of the scattering rate. With the conductivity, Eq. (27) , and the Hall conductivity, Eq. (59), the TMR is evaluated as
leading to
µ 10/3 γ 2/3 (C2)
at the peak (using the conductivity at the peak, Eq. (28)) and zero background TMR (as in the previous region). For stronger magnetic fields, µ < Ω < γ −1 , the TMR is determined by carriers at the zeroth LL. With the conductivity, Eq. (18) , and the Hall conductivity, Eq. (56), we find that σ xy is larger than σ xx up to magnetic fields of Ω 2 < µγ −1 , resulting in
where we have used Eq. (64). For yet higher magnetic fields, µ 1/2 γ −1/2 < Ω < γ −1 , we use Eq. (63) and obtain
We continue this appendix with the analysis of the TMR for a fixed particle density. The particle density is evaluated with Eq. (38) 
The magnetic-field dependence of the resistivity only changes for the zeroth LL (in both conductivity and Hall conductivity). For completeness, we start with the analysis from the lowest relevant magnetic fields, N 5/6 γ 1/2 > Ω 2 (below no TMR emerges to the leading order within the SCBA).
In magnetic fields N 5/6 γ 1/2 < Ω 2 < N 2/3 the TMR is finite at the center of the LLs, Eq. (C2). Using Eq. (C5), we get 
for the TMR at the center of LLs for a fixed particle density For larger magnetic fields, N 1/3 < Ω < γ −1 , the conductivity, Eq. (18) , and the Hall conductivity, Eq. (56), are modified by Eq. (C5). We find that the Hall conductivity is larger than the conductivity up to magnetic fields of Ω < N 1/4 γ −1/4 , resulting in
For yet stronger magnetic fields, N 1/4 γ −1/4 < Ω < γ −1 , we use Eq. (C4) which remains unaffected for a fixed particle density.
The calculation of the magnetoresistance was so far limited to zero temperature. In the following, we will briefly discuss the effect of finite temperatures. Finite temperature smears LLs for T > Ω/ √ n. Let us consider separated LLs in the regime of low chemical potential, Ω < µ < Ω(Ω/A) 1/5 , and temperature T < µ. In this case, the contribution of the LLs in the vicinity of the chemical potential µ − T < Ω √ n < µ + T should be analyzed. In order to estimate the corresponding contribution to the conductivity, we replace the integral over energy by a sum over regions of width Γ(W n ) around Landau levels, and replace Γ (n) ( ) there by its maximal value Γ (n) (W n ) ≡ Γ n ∼ A 2/3 Ω 1/3 n 1/6 . As a result, we get
This value of the conductivity is smaller than the background conductivity Eq. (30), but is important for the TMR which otherwise vanishes. The Hall conductivity for T < µ remains essentially unaffected by finite temperature. The magnetoresistance is still determined by the Hall conductivity according to Eq. (64), yielding Eq. (66). This linear magnetoresistance is small and will show exponentially suppressed Shubnikov-de Haas oscillations.
